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1 Introduction 

Let B =: Bk^p be the space of stable L^-maps f : 3“^ ^ M from the Riemann 
sphere to a compact almost complex manifold (M, J). Consider the bundle 
Bk-i,p Bk^p^with ^he hber {Ck-i,p)f = {f*TM)). It is well- 

known that {Ck-i,p, Bk^p) is a Banach bundle of class C^. The reparametriza- 
tion group G =: PSL(2, C) acting on (Cfc_i p, Bk^p) continuously with local 
slices Sf for any / G Bk^p. Since the G-action is only continuous, the coor¬ 
dinate transformations between these local slices S'/ as well as the transition 
functions between the local bundles {Ck-i,p\Sj, Sf) are only continuous in 
general. Because of this well-known difficulty in lack of differentiability, to es¬ 
tablish the analytic foundation of GW theory by the method of [L] it is crucial 
to have sufficiently many smooth sections of the local bundle Ck-i,p\sf ~A- Sf 
that are still smooth viewed in any other slices Sh¬ 
in [L], we have given two different methods to construct such sections 
starting from an element ^ G A^^^{f*TM)) C L^_^(S'^, A®’^(/*rM)) = 

{Ck-i^p) f for a smooth map /. The purpose of this paper is to explain one 
of the constructions, the geometric G-equivariant extension of and 
to improve the results in [L] on this construction. Throughout this paper, 
we will assume that k — 2/p > 1. Note that under this condition the 
functions on S‘^ form a Banach algebra. Set mo = [k — 2/p]. 

First observe that for a hxed (j) ^ G, the action on {jCk-i,p, ^k,p) is a G°° 
automorphism. Hence for the purpose of this paper and its sequels, we can 
replace G by Gg and only consider the local Gg-action. Here Gg is a local 
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chart of G containing the identity e E G chosen as follows. Let W (/) be a 
local coordinate chart of Bk^p centered at a smooth stable map / such that 
the bundle > W{f) is trivialized. Let r/- be the isotropy group 

of /. Since L/ is finite, we can choose Ge such that Ge fl L/ = {e}. Then the 
Ge-action on W{f) is free for sufficiently small W{f). Let Sf C W{f) he a 
local slice of the action. By shrinking W (/) if it is necessary, we may assume 
further that the local Gg-orbit Osf of S'/ is equal to W{f). 

We now recall the two constructions of the G-equivariant extensions of S 
in [L]. 

The first one is obtained as follows. Under the above given trivialization, 
the given element ^ in the central fiber can be considered as a ’’constant”, 
hence smooth section over W{f). Denote its restriction to the local slice Sf 
by ^Sf as a smooth section of Ck-i^p\sf Sf. Then using the local Gg-action, 

we obtain a Gg-equivariant section over W{f) = Os^. More specihcally, 
^Os is defined by ^Os (^) = T{h)*{^Sf{h o T{h))). Here the map T is defined 
in the following proposition proved in next section. 

Proposition 1.1 Given a smooth stable map f : S‘^ ^ M, let Sf be the 
loeal slice or Sj defined by the evaluation map or by the L 2 orthogonal 
complement to the orbit Of of f. Then there is a G^° or G°° map T : 
W{f) -P- Gg accordingly such that for any h G W{f), h o T{h) G Sf. Here 
mo=[k- 2/p]. 

It was proved by a direct computation in [L] that is of class G^. A 
more conceptual proof of this will be given in the forth coming paper [L?], 
in which we will also show that generically is exact of class GL In 
contrast, we will show in this paper that the extension by the second 
construction is of class G"^° or G°°. In other words, it has the same degree of 
the smoothness as T has. 

To describe the second construction, let = M be a hxed open cov¬ 
ering of M . Consider a corresponding covering = S‘^ of S‘^ satisfying 

the condition that h{Di) C ViG = 1, •'' for Q-riy h G W{f). In particular, 
for (h, f) E Sf X Gg, h o (l){Di) C Vi. Fix a partition of unit {a*, z = 1, • • •, /} 
on S‘^ subordinate to the covering z = 1, • • •, /}. Let jdiG = 1, •'' 5 ^ b® 
the cut-off functions defined on U/ such that = 1 on U*, where Vi ELEL U/. 
Fix a smooth local C-frame t* = {Ui, • • • ,Lm} of (TM, J) on U/. Then for 
any f G G°°{S‘^, A®’^(/*rM)) containing in the central fiber G/, 
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^ -t.yO f = • {P,U^ o /). 

Here 7f G C°°{S‘^, supported on Di with o* • ^ = S„7f • o f, and 
PtUi^ O f eC°°{S^, f*TM) supported on f~^{V-). 

We require that the G-equivariant extension to be defined satisfying 
the condition that 


^Osf ~ ^z(c>^z ■ Oosf ~ ^z,zz(7i )oSf ■ (Abzz o f)oSf 


Thus we only need to dehne the G-equivariant extensions {'y)os ^r 7 G 


G°°(G^ and {( 3 ^U^ o f )o^^. 

To get these extensions, note that in above we have used the decomposi¬ 
tion A^^\f*TM)) = L^_i(G 2 , A^’i) 0 f*TM). Here we have 

used the fact that A®’^) and , f*TM) are the modules over 

the complex Banach algebra C), and tensor product is taken over 

L^_i(G^, C). A family version of this isomorphism gives rise the isomorphism 


of the bundles Ck-^ 


0,1 


- n"y„® 7 I.-i,p. Here = Bt., x 7 _,( 5 ^ a".*) ^ 

Bk^p is the trivial bundle and Tk-i,p is the tangent bundle TBk-i^p restricted 
to Bk^p but with the ’’standard” bundle structure obtained by using the J- 
invariant parallel transport on TM. One can show (in next section) that this 
bundle structure is C°° equivalent to that of TBk-i^p. However, the equiva¬ 
lence is not with respect to the induced complex structure by J on TBk-i^p- 


ISf 


n 


Using the trivialization of above, we get the constant extension 

.0,1 


as a section of the bundle Q k-ijsf Sf. Then 70 : W{f) ^ 

l\p\w{f) =■ ^(/) X is defined to be 705/M = T{hy{ASf{ho 


T{h))). Let [7^,] : Sj ^ Ll_yS\A^^y and [7^),; : W{f) ^ Ll_yS\A^^y 
be the corresponding maps under the above trivialization. Then [75^] (h) = 7 
for h E Sf and [jOsfKh) = 7 "(^)*( 7 ) for h G W{f). 

Hence [705^] is smooth , and [705^] have the same degree of the smoothness 
as T has by the following lemma. 

Lemma 1.1 For ^ G G°°( 5 '^, the orbit map : G —> A®’^) 

defined by = (0)*(7) is of elass 


'loo 


The G-equivariant extension {jditiyosj. of is dehned by {(ditiyosj: (h) =: 

{yi)osf{h) ■ {Uiy)osf{h) = fdi o h ■ ti,^ o h for h E W{f). It follows from the def¬ 
inition that {lditif)og^ is G-equivariant. We need to show that it is smooth. 
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Proposition 1.2 Let IZ = W{f) X L^_^( 5 '^,R) —>■ W{f) be the trivial bun¬ 
dle. Given a smooth funetion (5 M ^ IZ, the seetion Xp : IV (/) —> 7 Z 
defined by Xp{h) = (3 oh is of elass C°°. 

If we replace R by C, the same conclusion holds. This proves the smooth¬ 
ness of {P^)oSf■ 

Denote the section {tii,)osj: by Tijy for short. Instead of just proving 
the smoothness of we introduce a further sheaf theoretic localization 
of the trivialization by considering the corresponding sheafica- 

tion, that will facilitate the proofs of the main theorems in this paper and 
its sequels. For our purpose here, we will only describe the sections of the 
sheafication on open sets D containing in some Di of the above covering 
{DiG = To explain this, note that the standard constructions of 

the coordinate charts for Bk^p and bundle structure of Tk-i,p —>■ Bk^p can 
obtained as an application of the theory of section functor on the category 
of FVB (vector bundles with fiber bundle morphisms ) developed by Palais 
in [P]. The functorial nature of the section functor gives rise the desired 
sheafication. More concretely, for D C A, let W{f',D) be the space of 
L^-maps h : D ^ Vi C M with ||(h — f)\D\\k,p less than the prescribed 
small e and 7 fc_i,p(/; D) —> W{f; D) be the corresponding bundle dehned by 
{fk-i,p{f;D))h = Ll_^{D,h*TM) for h G Wk,p{f;D). For our purpose here, 
it is sufficient to consider D = DiG = 1 ,•••,/. Then we get the functorial 
system of the bundles Tk-i,p{f; Di) —> W (/; Di) with respect to the covering. 
Each bundle Tk-i^p{f] Df) —>■ W (/; Di), however, is considered as a morphism 
between the two sheaves and the sections n = 1, • • •, m before become not 
just the sections of the bundle Tk-i,p{f', Di) —> W{f; Di) but also morphisms 
between the two sheaves. Moreover, these sections form a frame of the bun¬ 
dle so that they give rise a trivialization of the bundle. Similarly, the usual 
process of the local trivialization for the bundle Tk-i,p using the induced par¬ 
allel transport by the J-invariant connection on TM carries over here and 
produce the ’’standard” local trivialization for Tk- 

Note: One of the reasons that we have brought out the sheaf theoretic 
aspect in above discussion is that while sections like Ti^, or the ’’constant” 
sections of the local bundle Tk-i,p{f] Di) —> W{f',Di) are morphism of the 
corresponding sheaves, the G-equivariant extensions used the first construc¬ 
tion in [L] mentioned before can not be interpreted as such morphisms. 
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Theorem 1.1 The two local trivializations of Tk-i^p{f] D^) —>■ W{f]Df) are 
equivalent. 

The smoothness of the section {Pitii, o f)osf then follows from the above 
proposition and theorem. This proves the following main theorem of this 
paper. 

Theorem 1.2 Given a smooth stable map f and a smooth section 
f G its ”geometric” G-equivariant extension 

above has the same degree of smoothness as T has. Hence it is either of class 
Cq^ or of class accordingly. 

Note: The C^-smoothness of was already proved in [L] for the local 

slice Sf = obtained by evaluation maps. The proof of this is clarified in 
this paper. 

This paper is organized as follows. 

In Sec. 2, we give a proof of the theorem on the smoothness of the 
section functor, Tk^p^ applying to a smooth but possibly non-linear bundle 
map. This theorem is part of the theory of Palais in [P] on the Banach 
space valued section functor on the category of FVB (vector bundles with 
fiber bundle morphisms). As applications of the theorem, we prove the (7°° 
smoothness of the coordinate transformations of Aiapk^p and smoothness of 
transition functions of the bundle Ck-i^p f^apk.p as well as several re¬ 
lated results. JThe sheaf theoretic localization of the local trivialization of 
^(/) mentioned above is also discussed in this section. 

In Sec. 3, we give the proofs for the two versions of the main theorem. 

In Sec. 4, we consider an embedding M -P- and its induced embedding 
MapkAS^M) = Ll(S\M) ^ Then we construct a smooth 

section A of an infinite dimensional ’’obstrction” bundle A/" —>■ T. Here T 
is an tubular neighborhood of A4apk,p{S‘^, M) in The mapping 

space A4apk,p{S‘^, M) then is realized as the zero locus of the section A. 
Using this construction, we outline a different approach to GW theory. The 
full details of this part will be treated in a separate paper. 

In Sec. 5, we present simpler proofs for the smoothness of L^-norm and 
related results. 
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2 Coordinate Charts and Local Trivializa- 
tions 

We start with some basic definitions in order to fix our notations. 

Let (M, u) be a compact symplectic manifold with a symplectic form 
(jj. Fix an ca-compatible almost complex structure J. Denote the induced 
Riemannian metric by gj{—, J~)- Consider the Riemann sphere S = zq ) 
with the standard complex structure Iq and round metric. Assume that all 
the geometric data above are of class (7°°. Let Map =: Mapk^p be the space of 
L^-maps from to M and C =: Ck-i^p —> Mapk^p be the bundle dehned by 
Cj = l(S'^ A“-p/*(TM))) for / e Mapi,_,. We will denote A'’-p/*(TAf)) 

by for short. 

For the discussion of this section, we assume further that k — 2/p > 1. 
It follows that (a) the space of L^-functions on is a Banach 

algebra; (b) any element in Mapk^p is at least of class Set mo = [k—2/p] > 

1 . 

It is well known that Map is a smooth Banach manifold and Ck-i^p 
Mapk^p is a smooth Banach bundle. There are two ways to construct the 
local trivializations of the bundle Ck-i^p —> Mapk^p- The hrst is the standard 
one given in the original paper [G] of Gromov, by identifying the hbers using 
the induced J-invariant parallel transport. The other can be obtained by 
considering the tangent bundle TMapk-i^p hrst, then the simple relation 
between TMapk-i^p and Ck-i^p gives rise the local trivialization for Ck-i^p- 
The bundle structure onT Mapk-i^p is given by Floer in [FI]. The smoothness 
of the transition functions between the local trivializations of TMapk-i^p in 
[FI] is a consequence of the smoothness of the coordinate transformations 
of Mapk-i,p. On the other hand, a complete proof of the smoothness of 
the transition functions between the local trivializations in [G] as well as 
the smoothness of the transition functions between the above two types of 
local trivializations for TMapk-i^p are not presented in the literature of the 
GW-theory. In addition to these local trivializations, in this paper we will 
introduce a sheaf theoretic type of local trivialization. As mentioned before, 
to prove the main theorem of this paper, it is crucial to show that all these 
local trivializations for TMapk-i^p are (7°°-equivalent. The main technique 
tool to prove such an equivalence as well as other results of similar nature in 
this paper is the work of Palais in [P] on the category of vector bundles with 
hber bundle (hence, possibly non-linear )morphisms (FVB) and the Banach 
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space valued section functors on such a category. In fact, large part of the 
Floer’s work in [FI] can be obtained as an application of the work in [P]. 

The key ingredient of the construction in [P] and [FI] is the following 
theorem that will be used repeatedly in this paper . 

Theorem 2.1 ([FI], [P]) Given a compact smooth manifold M, let Bi —> 
M,i = 1,2 be the bundle of unit ball of the smooth vector bundle Ei -P- 
M, and f : Bi ^ B2 be a possibly nonlinear smooth bundle map. Assume 
that k — dim(M)/p > 0 and that the space L].{M) of U[-functions on M 
is a Banach algebra. Then the induced map on L],-section, f^ = Tk^p{f) : 
Ll{M, Bi) Ll{M, B2) IS of class C^. 

In fact, let df : Bi ^ L{Ei, E2) be the fibervuise derivative of f, where 
L{Ei, E2) -P- M is the vector bundle with the fiber L{Ei, E2)m = L{{Ei)m, (£'2)771) 
for m ^ M. Then df is a smooth bundle map and 


D{h) = D{VkM)) = ^kMf) ■■ ^kABi) = LliM, £1) 


rfc,p(F(£i, £2)) — 


£^(M,£(£i,£ 2)) C £(Ffc,^(£i),F,,^(£2)) = L{Ll{M, E,), Ll{M, E 2 )). 


Proof: 

We only outline a proof. For more details, see [FI] and [P]. Clearly 
we only need to show that (1) /* = Tk^p{f) is continuous and (2) D{f^) = 
D(^k,p{f)) is equal to Tk^p{df). Indeed, since the derivative df along the hber 
is a smooth bundle map so that it plays the same role as / does, (1) and (2) 
imply that £ is of class by induction. 

• Proof of (1): 

Let si, S 2 e Bi). Then for j < k, 

||£^(/*(si) - f*{s2))\\o,p = ||£^(/0Si - / oS2)||o,p 

= \\D^{^{s2Ft{si-S2)))\\o,pdt 

is bounded by terms ||d/||( 7 fc • ||£*(si — S 2 )||o,p with i < j. In fact, a better 
bound is ||d/||fc,g- ||£*(si —S 2 ) ||fc,p- Now for p > 2, g < 2, L],{S‘^) is continuously 
embedded into so that we have the bound • ||£*(si — S 2 )\\k,p- 

• Proof of (2): 

For s G Ll{M, £ 1 ), ^ G Ll{M, £ 1 ) and j < k, 

\\D-^(f^isTtf) - f^{s) -rk,p{df)s{t^))\\o^p = \\D^{fo{s^tf)-fos-tdfsof)\\o^p 
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\D^{ [ {df{s^^tO-df{s))diy{t^))\\o^p< 

Jo 


D^{{df{s+iyt^)-df{s)){t^))\\o^pdiy 


^ f f WD^iid^f {s + Wo,pdiydfi, 

Jo Jo 


which is bounded by ||d/^||(7fc ' ll^^llfcp under the assumption that is a 

Banach algebra. As remarked above, a better bound is ||d/^||fc^p • ||t^|||p 


□ 


Note: Using the better bounds in the proof above, we only to assume 
that (a )the bundle Ei —>■ M, i = 1,2 and the bundle map f : Bi ^ B 2 are of 
class (or (7^); (b) / is of class along the hber such that the derivatives 
df and d^f along the hber as the corresponding bundle maps are of class 
(or C^). Then the above theorem is still true. 

We now apply above theorem to construct the st^dard coordinate trans¬ 
formations for Aiap and the transition functions for C. In the following unless 
specihed otherwise, we will assume that the center / of each coordinate is of 
class C°°. However, one can verify that the conditions in the above note are 
satished for the discussion below so that the same results are true when the 
center / G JAapk,p is of class L^. 

• • Smoothness of the coordinate transformations of Aiapk^p- 

Recall the dehnition of natural coordinate chart W{f) for / G JAapk^p. 
Consider the smooth bundle E = f*{TM) —> Denote its sub-bundle 

of unit balls by H ^ S = Let lU = lU, be the e-ball of Ll{S^,B) c 
f*{TM)). Then the e-neighborhood of / in JAap is dehned to be 

W{f) =: Expf{W), where {Expf^){x) = expf(^x)i{x). 

Given two smooth elements fi,i = 1,2 E JAap, the above theorem implies 
that the coordinated transformation T 21 : W W ^/2 is of class (7°°. Indeed, 
assume fi and /2 are C^-close each other so that the map tl) 2 i : Bi ^ B 2 given 
by ° Gxpfpx){b) is well-defined on Bi, where b G {Bi)^. Then 

'ijj2i is of class C°°, and the coordinated transformation T21 : Wp —> Wp is 
the restriction of (^ 21 )* = ^k,p{'4^2i) to W{fi). Hence by the above theorem 
T 21 is of class of C°°. _ 

• • Smoothness of the transition functions of £. _ _ 

Next recall the local trivialization of the bundle C = Ck-i,p over the 
local chart Wf. For any h G Wf and ^ E Cf, the local trivialization Hy : 
Wj X Cf -E is given by Uf{h,^){x) = Bppf^p^{x) for x E where 
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Ph{x)f{x) is the induced action by the J-invariant parallel transport along the 
shortest geodesic from f{x) to h{x). 

Given /i and /2 in A 4 ap as above, the transition function between two 
local trivializationsthen is defined by 1121 
To see that 1121 is of cla^ we make some reductions. 

Note that any ^ G is a summation of the elements ij <S> "f with rj G 
Ll_^iS^J*TM) and 7 G In other words, Z/ = Ll_^{S^J*TM) = 

A®’^) G A®’^(/*rM)). Note that identihcation of the hbers 

induced by the parallel transport in local trivialization for C only acts on 
, f*TM) . This implies that jC ~ G Tk-i,p- Here ^ i? is the 

trivial bundle defined by 17 ^’^ = A*^’^), and the bundle Tk-i^p with the 

fiber Tk-i,p\f = , f*TM) has the local trivialization induced by the 

parallel transport as for C. Thus we only need to show that the corresponding 
transition function n2i for Tk-i,p is of class C°°. 

To this end, let pi : Bi C Ei ^ be the unit ball bundle of Ei =: f*TM 
before. Consider the pull-back bundles = {Expp)*{TM) —> = 1 , 2 by 

the maps Expp : Bi (Z Ei ^ M. Then the fiber (Ei)^ at 6 G with Pi{b) = x 
is Texpji^^^bM- 

Next consider the pull-back of the bundles Ei —> by pi : Bi ^ S‘^, 

Pi{Ei) —> Bi. The bundle map tt/. : Pi{Ei) —> E^ is dehned by 7r/.(6, e) = 

{b, B{expp(^x)b, fi{x)){e)) for (6, e) G Pi{Ei) with b G Bi,p^{b) = x and e G 
{Ei)x, where B{expf_^(^x)^^fi{x)){e) is the parallel transport of e along the 
geodesic from fi{x) to expp(^x)b by a fixed J-invariant connection on (TM, J). 

It is easy to see that tt/. is of class ( 7 °°. Then the bundle map 7r2i =: iTj^oiif^ : 
pI{Ei) -z- pI{E2) is of class C°° as well. 

In order to applying the above theorem, we need to find the corresponding 
maps between the relevant vector bundles on 3“^ rather than on Bi as above. 

To this end, consider the bundle H = H21 = Hom{Ei, E2) —>■ S‘^ and the 
bundle map T : Bi ^ H given by T{b){e) = 7r2i(6, {pl{e)){b)). Here pl{e) 
is the ’’vertical” lifting of e G {Ei)^, which is a section of pl{Ei) along the 
fiber {Bi)^ and (Pi(e))(6) is its value at 6 G {Bi)^. Then the smoothness of 
7r2i implies that T is of class ( 7 °°. 

Now applying the L^_j^-section functor Tk-i^p, we get Banach spaces T^.i ^(iJ) 
and rk-i,p{Ei )3 = 1 , 2 . The paring rk-i,p{H) x Fk-i^piEi) 

rk-i^p{E2) is of class ( 7 °°. By the above theorem, the smoothness of T im¬ 
plies that Tk-i^p{T) : Tk,p{Bi) Tk,p{H) -z Tk-i,p{H) is of class 

Consequently the map T =:< —,— > o(r/;_ip(r) x Id) : Tk^p{Bi) x 
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rfc-i,p(^i) ^ Tk-i,p{H) X Tk-i^p{Ei) Tk-i,p{E2) is of class 

Now 1121 (^, v) = (^21 (O’ T (0 v))- This implies that 1121 is of class ( 7 °°. 

•• Smooth equivalence between the local trivializations of TB^-i^p and 
'Tk—l,p 

Note that if we replace /c — 1 by /c, the bundle Tk,p is just the (( 7 °°) tangent 
bundle TBk^p but with different local trivializations. The local trivializations 
for TBk^p induce the local trivializations and hence a ( 7 °° bundle structure for 
TBk-i^p. We now show that the set theoretic identification TBk-i^p —>■ Tk-i,p 
is in fact a bundle isomorphism of class C°°. We will prove this by shewing 
that the transition functions between of the local trivializations of TBk-i^p 
and Tk-i^p are of class 

First recall the local trivialization of TBk-i^p —)■ Bk^p over a local chart 
W{f), D, =: D{Expf) : W{f) x {TB), -> TB\w^ is given by Df{h,(){x) = 

{D{Expf(^^^))h{x){i{x)) for X G S‘^. To show that the transition function be¬ 
tween Df and 11 /■ is of class ( 7 °°, we need to find the corresponding bundle 
maps as we did for the transition function 1121. 

Consider the bundle p : E = f*{TM) —> 7 ^, its unit ball bundle p : B ^ 
7 ^, the pull-back bundles p*{E) B by p and E =: {Expf)*{TM) -P B by 
Expf : B C E ^ M. Define the bundle isomorphism I = If : p*{E) -P E 
by I{b,e) = (6, ^(6)(e)) where x = p{b). Then I is of class 

( 7 °°. Let A = Af =: ttJ^ o If \ p*{E) -P p*{E) be the bundle automorphism. 
Then A is of class ( 7 °°. As before define a bundle map T : B ^ H by 
T{b){e) = A(6, (p*(e))(6)), where the bundle H = IIom{E,E) -P 7 ^. Here 
p*{e) is the section the fiber {Bi)^ of the vertical lifting of e G {E)x and 
(p*(e))(6) is the its value at 6 G {Bi)^. Then the argument before implies 
that Tk-ipiT) : Tkp{B) -P TkviH) —^ ^k-iniH) is of class C°° so that the 
map T =:< - > o(rfc,p(rj x Id) : r^piB) x r,_pp(E) ^ Tk-ppiB) x 

Tk-i,p{E) -p Tk-ppiE) is of class ( 7 °°. 

Now the transition function A between the two local trivializations Dj 
and Uf above is given by A(^, 77) = (^,T(^,?7)). This implies that A is of 
class ( 7 °°, hence proves the following proposition. 

Proposition 2.1 The transition functions between the local trivializations of 
Tk-i,p ^ TBk-i,p are of class C°°. 

Corollary 2.1 The section s =: dj : Bk,p -P'- Ck-\^p defined by s{f) = df + 
J{f) ' df o iQ is of class C°°. 
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Proof: _ _ 

The result is proved in [F] and [P] for s : Bk,p — Ck-i^p with respect to 
the smooth structure on C^-i^p induced from TB^-i^p- 

□ 

^ • Further sheaf-theoretic localization of a trivialization of the bundle 

'Tk—l,p 

To facilitate the proof of the main theorem, we now introduce a sheaf- 
theoretic localization of certain sections of the local bundle —>■ 

W(/)- 

Let = S‘^ be an hxed open covering of and ai^i = 1 , • • •, / is 

a partition of unit subordinated^to the covering. Each ai induces a bun¬ 
dle morphism : Tk-i^p Tk-i,p d^hned by EaXl) = • r/ for r/ G 

Tk-i,p\h = , h*TM) with h G Bk^p. It is easy to see that F'q,. is 

smooth. Indeed in the any of above local trivialization Tk-i,p\^i^f^ — W{f) X 
/*TM), the corresponding map [Ea,]f : LF(/) x , f*TM) —> 

W{f) X Ll_^{S^J*TM) given by [Ea,]fih,^) = {h,ai ■ is ’’linear” and 
continuous, hence smooth. _ _ 

Thus given a section s : Bk,p —>■ Tk-i,pj s is of class C^, /c = 0 , 1 , • • •, oo, if 
and only if E^Xs) is for alH = 1, •, /. 

Now let = M be a fixed open covering. Assume that the cover 

D of S‘^ above satishes the condition that h{Di) C Vi,i = 1 , • • •, / for any 
h G W{f). In particular, for (h, 0 ) G A/ x G^, h o (j){Di) C Vi. Let Vi CC 
Id', i = 1, • • •, / and = 1, • • •, / be cut-off functions defined on Id' such that 
Pi = 1 on Vi- For each i, let a' be a cut-off function on supported on D[ 
with Di CC D'- and a' = 1 on Di. Fix a smooth local frame tj = {Li, • • •, 
of TM on Id'. Then for h cW{f) and x G Di, 

{EaXs)){h){x) = E„{s'^{h)){x) ■ ti„{h{x)) = E„{s'^{h)){x) ■ Pi{h{x))U^{h{x)) 

= Ey{s\{h)){x) ■ a\{x)tiy{h{x)). 

Note that by our assumption for any h G LF(/), (1 )the pull back frame 
h*{ti) is dehned over h~^{Vi) that contains Di hence the support of {EaXs)){h)-, 
(2)the pull back of the global sections sections PiV =: {PiUi, ■ ■ ■, Pitim}, 
h*{Piti) are global sections of the bundle h*TM —> which plays the role 

of a ’’global frame” of the bundle h*TM —> to express the sections like 

{EaXs)){h) supported on Df, ( 3 ) by multiplying by a[ the frame h*{ti) above 
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becomes Eo,'{h*{ti)) =: a'-h*{ti) that is also a ’’global frame” of the bundle 
h*TM si 

Hence for each we get three corresponding collections of sections, de¬ 
noted by T, = {r,i, • • •, EpXT^i) = • • •, EpXT^nl)} and = 

{EaXT^l), • • •, EaXTim)}- Thc section : W{f; 7 i-i,p(/; A) is de¬ 

fined by Tiy{h) = tij o h for h G W{f;Di). Here W{f;Di) consists of L^- 
maps h : Di ^ Vi C M such that \\{h — f)\D,\\k,p less than the prescribed 
small e; and the bundle Ek-i,p{f] A) is dehned by the same formula as be¬ 
fore, {fk-iM’, D,))h = Ll_^{D,,h*TM) for h G ' 7 ^_pp(/; A)- The section 
: W{f) A-i,p|^(;) is defined by Ep.{Tiv){h) = • A) ^ h for 

h G W. The section EaXTw) :W{f) ^ dehned similarly. 

The main theorem is the following. 

Theorem 2.2 The section EaXTiv)^EpXTiv) ■ W{f) ^ Ek-i,p\w{f) 
as the section Ti^, : W{f] Di) —> Ek-i,p{f] A) smooth of class C°°. 

To simplify our notations, we will drop the subscript i for the discussion 
below. The theorem will be derived as a corollary of the smooth equiva¬ 
lence of the following two local trivializations of the bundle 7 i-i,p(/; D) —> 
W{f;D). The hrst local trivialization is just the standard one induced by 
the J-invariant parallel transport. It can be reformulate as follows. Let 
Qiy ■ hL(/;T)) —> Tk-i,p{f', D) be the corresponding section obtained as 
the ’’constant” extension of the point-section A o / A g (TI-i.,!/; D))/ = 
LAi(T), f\f)TM) by the standard local trivialization induced by the parallel 

transport along short geodesics. Then the local trivialization H^ : W{f; D) x 
thTM) ^ fn,p{/; D) is given by = T.,eQAh) for (KC) e 

W(J;D) X Ll_^iS'kfi,TM) with ^ = KeQAfln), where V e q_i(I 3 ,C). 
Denote the collection of Qix, n = 1 , ■■■ ,m by Q(= Q ^,i = 1 , ■ ■ ■ , 1 ). Thus like 
T, Q is also a frame for Tk-i,p{f', D). 

The second trivialization H^ : W (/; D) x LAi(' 5 '^, IffEM) —>■ A-i,p(/; D) 
is given similarly by replacing above by A. Hence lP(h,f) = Ej^VTJh) 
for (h, A G W{f- D) X Ll_,{Si f^TM) with ^ = SA""A(/b). 

Proposition 2.2 The two local trivializations : W{f;D)xL^^_^{S‘^,ff)TM) 

Tk-i,p{f'i D) are smoothly equivalent. 
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Proof: 

As before, the proposition will be proved by applying the theory of TVB 
in [P] by Ending the corresponding bundle maps. In steady of essentially 
repeating what we did before, we give an ’’universal” treatment that works 
for the case here as well as the cases before with necessary modifications. 

Let V be one of those Vi,i = 1 , • • •, / above. Denote the bundle TV by 
p : E =: TV -P- S‘^, its unit ball bundle by p : B ^ S^. Consider the pull¬ 
back bundles p*{E) — > B and E =: {Exp)*{E) -P- B by the maps p : B ^ S‘^ 
and Exp = Expv : B d E ^ M respectively. 

Define the following two bundle isomorphisms /1&/2 : p*{E) —> E as 
follows. For any (6, e) G p*{E) with b G B,p{b) = x and e G E^, Ii =: 
p*{E) —>■ E by /i(6, e) = (6, P(expa;6, x)(e)), where B{expxb, x){e) is the 
parallel transport of e along the geodesic from x to exp^b by the fixed J- 
invariant connection on {TM,J). Then Ii is of class C°°. Thus this is the 
bundle isomorphism relevant to the standard trivialization induced from the 
parallel transport. The second bundle isomorphisms I2 '■ p*{E) —)• E is dehned 
by /i(6, e) = (6, for b G B,p{b) = x and e = G E^. 

Again I2 is of class 

Let A =: (/2)~^ o h • P*{E) -P p*E be the bundle automorphism. Then 
A is of class 


Now let Jd = f\D ■ D ^ V C M. Consider the pull-back bundle Pf = 

Pf^ : Ef = f^{E) -P D, its unit ball bundle pf : Bf = f^{B) -P D duS 
well as the pull-backs of all the related commutative diagrams. In particular, 
consider the pull-back bundle p*j{Ef) -P Bf of Ef by the map pf : Bf ^ 

D. Then the bundle automorphism A induces a corresponding C'°°-bundle 
automorphism Af : p*f{Ef) -P p*f{Ef). 

As before define a bundle map Tf : Bf ^ Hf by T{b){e) = A(6, (p*(e))(6)), 
where the bundle Hf = Hom{Ef^ Ef) -P D. Here p*{e) is the vertical lifting 
of e G {Ef)x along the fiber {Bf)^ and {p*f{e)){b) is the its value at 6 G {Bf)^. 
Then the argument before implies that Tk-i,p{Tf) : rfcp(Hy) —>■ rfcp(iLy) —)• 
Tk-i,p{Hf) is of class so that the map Tf =:< —, — > o(rk^p{Tf)) x Id : 
^k,p{Ef) X ^k-i,p{Ef) '^k-i,p{Ef) X Tk-i,p{Ef) -p Tk-i^piEf) is of class 


Now the transition function A/ = A/^ between the two local trivializa- 
tions Hj and Hj above is given by A/(^,?7) = (^,T(^,?7)). This implies that 
Ay is of class hence proves the proposition. □ 


•• Proof of the theorem: 

Clearly the smoothness of T,^ follows from the above proposition. 

The section Ea{Ty) : LF(/) —> considered as a map LF(/) 
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f*TM) = 7 fc_i,p|/ is a composition Ea{T^) = o R : H^(/) ^ 

W{f- D) ^ r^TM) ^ /*rM). Here R : ty(/) ^ ty(/; D) 

is the restriction map and Ea '■ ^ f^TM) —>■ ^ f*TM) is the 

multiplication by a with support of a containing in D. Clearly both R and 
Ea are continuous and linear (in the local chart for i?), hence smooth so that 
Ea{T,y) is a smooth section. 

To see the smoothness of EpiT^) : W{f ) ^ Tk-i,p\^^fy recall that support 
of [3 is contained in V' such that = 1 on H CC H'. We will assume that 
the local frame t is defined on slightly larger open neighborhood of V" 
with V dC. V" CC V". Then we may assume that f~^{V") ^ 5 ^, otherwise 
the image of any h E W{f) is already contained in so that T^, is already 
a smooth section on W (/) by above proposition. 

Now defined the inverse images D' = CC D”’ = f~^{V"') CC 

D" = f~^{V"). Note that by our assumption above, the relations such as 
D' C f~^{V') C D'” hold. We may assume that D' here is the same as the 
one defined before. Since D' C f~^{V') C we may assume that for 

any h E 1 T(/), the image of h{f~^{V^)) C W". Indeed since /(/“^(W) is com¬ 
pact and contained in W", there exists a small e-neighborhood of /(/“^(W) 
contained inside W". Hence for h E W{f) with \\h — f\\ < e' with e' small 
enough, the image C H'". We will assume that any element h in 

W (/) already has this property. 

Then the non-empty compact set f{S‘^ — D'") has no intersection with 
t/' since otherwise, there exists x E S‘^ — D'” such that f{x) E V' so that 
X E C D'" contradiction with x E S‘^ — D'". By the argument before 

we may assume that for all h E W{f), we still have V' fl h{S‘^ — D'”) = (p. In 
other words, for all h EW{f), the inverse images h~^{V') C D'". 

Then by replace D and V by D" and V", the proposition implies that 
Tj, can be considered as a smooth section IT(/;D") —> Tk-i,p{f',D''), hence 
a sm^th map T, : W{f;D") ^ , rp,„TV") = {fk-iM'^ D"))f. Let 

Pp : IT(/) —> defined by the pull backs of 13 , Pp{h) = f 3 oh. We 

will show in next lemma that Pp is of class C°°. Denote the multiplication 
map by rn : Ll_pS\K) x Ll_,{D", f{,,.TV'') -> L^PO", f}y,TV") given by 
= R{o) 'i- Here R{a) is the restriction of a to D'. Then m is smooth. 
Now consider 

E = mo {Pp, T,) o {Id, Res) : W{f) -E W{f) x W(/; D") 
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^ LU(S^R) X LU{D'',r^,TV") ^ Ll_,[D",r„,TV"). 

Here Res : W{f) —>■ W{f; D") is the restriction map. Then it is smooth. It 
is easy to check that F{h) = {{ 3 oh) ■T^{h) with obvious interpretations of the 
corresponding domains and ranges. Hence F is essentially equal to Ep{T^) : 
W{f) —> f*TM) except the range of the map is f^„TV''). 

However since the support of (3 is contained in CC V'", the support 
of o h is contained in the compact set h~^{V') C D'" . Now let 7 be a 
cut-off function defined on S‘^ with support contained in D" and 7 = 1 on 
D'". Then it induces a map Ll_^{S^J*TM) by 

multiplying with 7. Clearly is linear and continuous, and hence smooth. 
Now Ej^iTy) : W{f) ^ f*TM) is equal to E^ o F, hence smooth as 

well. 

□ 

Lemma 2.1 Let (3 : M ^ H be a smooth function. Then the map F = Fp : 
W{f) —> R-) defined by F{h) = (3 o h is of class C°°. 

Proof: 

The proof is a simple application the theorem on smoothness of section 
functor in [P]. The two relevant hnite dimensional bundles are pi : Bi G 
El = f*TM —)• S‘^ and the trivial bundle E2 = S‘^ x —>■ S‘^. The bundle 
map p = Pj3 : Bi ^ E2 is defined by p{f) = (x, f 3 {expf(^j.fi)) for f E Bi with 
Pi{l) = x E S^. ^ 

Then by the theorem on section functor, Tk^pipy) ’■ Tk,p{Bi) = W{f) -P- 
^k,p{E2) — T^( 5 '^,R) is of class C°°. It is easy to check that Fy = Tk^pipy), 
hence of class as well. 

□ 

Corollary 2.2 Let fi : M ^ be a smooth function. Then the map 
F = Fy. W{f) -E LliSfi R"^) defined by F{h) = fi oh is of class . 

In particular, let X be a smooth vector field with support in a local chart 
V” of M. Assume that dim(M) = m and t = {C, ■,trn} is a smooth local 
frame of TM on U. Then X = with : M —> R supported in V. 

Then P = (Pxp • • •, Px^) : W{f) -E Ll{S^, R"^) is of class Now take 
X = ( 3 t,^ before. Then the map P here is just the corresponding map for the 
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section Ep{T) in the previous theorem. This proved the section Ep{T) itself 
is smooth except that we are not using the standard local trivialization. 

In the rest of this section, we will use several basic results whose proofs 
are much easier for the space than for the general mapping 

space M-kp- The key step to reduce the proofs of theses results to the case 
Ll(S\W-) is the following proposition. 

Proposition 2.3 Let t : M ^ be an isometric embedding. Then the in¬ 
duced map : A4k,p ^ Ll(S\ R’» ) is a closed (and splitting) embedding. 

Proof: 

Unless it is a Hilbert space, for a general L^-space, a close subspace may 
not have a complement. On the other hand, the usual definition of a closed 
submanifold of a Banach manifold requires the local splitting property so 
that most of the usual properties of submanifolds in hnite dimensional case 
can be established accordingly for the inhnite dimensional case. For our case 
here, the following implies the local splitting of the embedding. 

For any smooth / : —>■ M, 

Ll(S\ R”) ~ Ll(S\ /•(TR’")) = Ll(S\ [‘(TM)) e Ll(S\ f^Nu)). 

Here Nm is the normal bundle of M in R”^ dehned by {NM)m = {n G 
TmRE I < n, TjjiM >= 0} for any m G M so that T^R"^ = T^M 0 {NM)m- 

The rest of the proof is a routine verihcation. 

□ 

In Section 4 we will give a general construction that implies the closeness 
of the embedding in above proposition. 

The reparametrization group G = SL(2, C) acts continuously on Aiap. 
The following are proved in [L ?] : 

(I) The action of G on Map = Mapk,p is G-Hausdoroff so that the quo¬ 
tient space Map/G is always Hausdoroff. 

(H) A L^-map / G Map \s said to be weakly stable with respect to G 
if its stabilizer F/ is compact. Let be the collection of all weakly stable 
maps in Map. Then any element other than th^ constant ones in Map is 
always weakly stable. Moreover the G- action on B'^ is proper so that for any 
f G B^ there is an open neighborhood U of f and a compact subset K of G 
such that for any g G G \ K and h E Ug ■ h ^ U. 
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(Ill) A weakly stable L^-map is said to be stable if its stabilizer is finite. 
Let B =: Bk,p of the collection of the stable L^-maps. Then for any f E B, 
there is a local slice Sf that is transversal to the all G-orbit Oh at hnitely 
many (uniformly bounded) points for h sufficiently close to /. 

To simplifying our presentation, we assume that there is at least one point 
at which / is a local embedding of class mo > 1. This condition implies that 
/ not only is stable but also has a local slice Sf constructed below using 
evaluation maps. 

• Local slices Sf hy evaluation map. 

Recall the definition of the local slice Sf hy evaluation map for / G Bk,p 
as follows. 

It is sufficient to assume that / is of class G°°. Let IT = ITg be the e-ball 
of L^(5'^,/*(rM)). Then we dehne Wf =: ExpfW. Here the exponential 
map is taken with respect to an / dependent metric specified below. Since 
there is at least one point, and hence any point in a neighborhood of that 
point, where / is a local embedding, we can fix three of such points as three 
standard marked points x = {xi, X 2 , X 3 } = { 0 , 1 , 00 } on S‘^. 

Assume that the metric used to define Expf depending on / in the sense 
that it is flat near f{xi) G M, z = 1,2,3, such that an Euclidean neigh¬ 
borhood Ufi^Xi) /(t) is identihed with a small ball C by 

expf(^Xi) • ^f{xi) By Itiis identihcation Uf(^x{) is decomposed as 

— ^(/(t)) ® H{f{xi)) with two flat summands. Here V{f{xi)) is the 
local image of / near xi and H{f{xi)) is the local flat hypersurface of codi¬ 
mension 2 transversal to f{xi) at its origin. To dehne the local slices, we use 
the following lemma in [L]. 

Proposition 2.4 The 3-fold evaluation map at x, eUx : Wf ^ defined 
by GVx{h) = {h{xi), h{x 2 ), h{xfi)) is a smooth submersion. 

Proof: 

It is sufficient to look at the case for the evaluation map eVx with x being 
one of the Xj, i = 1 , 2 ,3. 

We use the local charts Expf : W C f*{TM)) -eW f and expft^x) • 

Tf(^x)M -E- M. Then under these coordinate charts, ev^ is given by 

evx'.^^ Expff -E expf(x)i^{x)) ^{x). 

In other words, eVx is just the restriction to IT of the evaluation map eVx '■ 
L^(5'^, f*{TM)) —> Tf(^x)M given by ^ ^ fix), which is linear and continuous, 

hence smooth. 
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□ 

Denote the three local flat hypersurfaces H{f{xi)),i = 1 , 2,3 together 
by H and the corresponding flat local images V{f{xi)),i = 1 , 2,3 by V = 
V(/(x)) with coordinates v. Let ttv = 7Tv^{f) ■ = 

V{f{xi)) 0 H{f{xi)) —^ V{f{xi)) be the projection map. 

For e small enough, we dehne Sf = (enx)“^(H) = (ttv o enx)“^(0). Then 
Sf is a C°° submanifold of codimension six in W(f), which is also denoted 
by 

Let Sf be the ’’lifting” of Sf in L^^{S‘^ ^ f*{TM) so that Sf = Expf{Sf). 
Then Sf is not an open ball in a linear subspace of L^k{S‘^, f*{TM) in general 
if the map Expf is dehned by the hxed ^fj-metric on M. However, with respect 
to the /-dependent metric above, H{f{xi)) is a geodesic submanifold so that 
for any / G IF C f*{TM)), h = Expf^ is in Sf if and only if G 

Tf(^^f^Hi^i = 1 , 2 , 3 . This implies that Sf is the e-ball of the Banach space 
r{TM); r;(x)H). Here Ll{S^, r{TM); is the linear subspace 

consisting of / G L^{S‘^, f*{TM)) such that is in the tangent space 

= 1 , 2 , 3 . 

To dehne the coordinate transformations between local slices, we need the 
following proposition proved in [L ] and [L ?]. 

Proposition 2.5 Thej:omposition of the action map with the 3-fold evalua¬ 
tion map, : GxB —>■ M^, given by {g, h) = {hog[xi), hog^xf), hog[xf)), 

is of class . 

Now assume that f' : S‘^ ^ M a stable L^-map that is equivalent to / 
in the sense that (i) there is a boholomorphic map f : S‘^ ^ S‘^ such that 
/' = / o (ii) /' is also a local embedding at the standard three marked 
points X. Note that (ii) implies that / is a local embedding at both marked 
point sets x and y =: /(x). Under theses conditions, let Sp be the local slice 
in Wp, and : Sf —>■ Sp be the coordinate transformation. The following 
is proved in [L]. 

Proposition 2.6 Assume that mo > 1. Then there is a -smooth function 
T : Sf ^ G with T{f) = / such that for any h G Sf, "^s{h) = ho T{h). 

Proof: 
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Consider the map F =: ttjj-l oe'L’j/(x)od'g : SfxG ^ where 

is the action map restricted to Sf x G. Here Hj, is the summand in the local 
decomposition of a flat neighborhood Uf of near /'(x), Uf = Hp©H|,. 
Note that as before here the local flat metric used is /'-dependent. 7Tii± : 

Uf> c m 3 ^ is the projection with respect to above local decomposition. 
Then for {h^g) G Sf x G , h o ^ is in Sjr if and only if F{h,g) = 0. In 
particular, for any h G Sf, there is a g = T{h) E G such that coordinate 
transformation ^s{h) = ho T{h) G Sf/ so that {h,T{h)) solves the equation 
F{h,g) = 0. Now under the assumption mg > 1, the function F is at least 
of class (7"^° with F{f, /) = 0. Moreover by the construction the partial 
derivatives along G, dgF\(^f^^) : TfG ^ — Hj, is surjective. Then 

by implicity function theorem, there is an unique such T : Sf ^ G oi class 
with the desired property. 

□ 

The above argument implies the following corollary. 

Corollary 2.3 Given a local slice Sf C W{f), there is a G'^°-smooth func¬ 
tion T : W(f) ^ G such that for any h EW{f), hoT{h) E Sf. 

Now let W{f ) = Ug^Cehi^f) be the decomposition of W{f ) by the images 
of Sf under the local G-action. Here Gg is the corresponding local group. 
When / is smooth, we may identify the Gy."" with G^ smoothly. Then the 
above corollary implies the following corollary. 

Corollary 2.4 There is a G^^-smooth projection map Tf : W{f) ^ Oj ~ 

Ge such that for any g ■ f E the fiber Tj^^{g ■ f) = T~^{g) is g{Sf) for 
any g E Gg. 

• Local slices Sf by using L^-metric on r/L^(5'^, R"^) 

Still assume that the center / is of class G°° so that the orbit Of is a 
smooth submanifold of Bk,p C L^{S‘^, R"^). Here Bk^p is considered as a closed 
submanifold of L^(S'^,R"^) induced from an embedding M C R"'. Then the 
tangent space Tf{Of) is a 6-dimensional linear subspace of 

= LKSff-TM) c = {/} x 

Now for any ^ = (/,,,) e {/} x C»(5^R”) C TjLKSfK'^) = {/} x 
R'”), consider the function R"') —> R dehned by If{h) =< 
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- f >2=: fg 2 < — f > dvols 2 . In other words, /^(h) is defined 

by the L^-inner product on ryL^(5'^, R"^) of ^ and the displacement from 
f to h. Let = 1^0^ : G X Ll{S^,R^) R, where 

"L : G X L^(5'^,R"^) — > L^(5'^,R’^) is the action map. Then we have the 
following proposition. 

Proposition 2. 7 The function : G x R’^) R is of class G°°. 

Proof: 

For {(l),h)eGxLl{S^R^), 

FM,h)= j <f,ho(j)-f>dvols2 
Js^ 

= / < f,ho (f) > dvols^ — / <f,f>dvols2. 

Js^ Js^ 

Thus upto a constant 

F^{(j)^h) = / < fjh o (j) > dvols'^ = / < ^ o (l)~^ > dct~^{(j))dvols‘^ 

Js^ Js^ 

= / < dct~^{(j)) ■ f o (j)~^> dvols-^- 
Js^ 

Clearly F^ is a smooth function of class G°°. Indeed, Since f is fixed 
and smooth, the function : G ^ G°°{S‘^,R^) C L^(S'^,R"^) given by 
A^{(j)) = det~^{(j)) ■ f o is smooth of class G°°. This together with the 
smoothness of the L^-paring < —, — >2 on L^{S‘^,R^) implies that F^ =< 
—, — >2 o(^^. Id) is of class G°°. □ 

Let e = {A, - ■ ■, A} be a basis of the Lie algebra T(.G, and Of = {e^, • • • e^} 
be the induced basis of Tf{Of) by the inhnitesimal action of G at e. Con¬ 
sider lef = : Ll{S^,R^) R® and Fe^ = (Fgi, • • •, F^e) : 

G X L^(S'^,R”^) — )• R®. Then both of them are of class (7°°. So are their 
restrictions to M) and G x M) respectively. 

Now consider le^ : Ff^{S‘^^M) —> R®. Then (l)/e^(/) = 0; (2) The deriva¬ 
tive at /, Df{Ie^) is surjective since the restriction of Df{Ie^) to TfiOf) is. 

This implies that ='■ (^/)~^(0) is a G°° submanifold of W{f) with codi¬ 
mension six. It follows from the construction that is a local slice for the 
local G-action on W{f). 
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If there is no confusion we will still denote hy Sj. 

Now consider x W{f) —> R®. Then (1) Fef{e, f) = 0; (2) the 

partial derivative along G-direction at (/, e) is surjective. Here Ge is the local 
’’group” near the identity e (= a small neighborhood of e in G). The it follows 
from the implicit function theorem that there is a G°° function T : W (/) —)• G 
such that the submanifold (Fe^)“^(0) has the form {{T{h)^h)\h G W{f)}. 

In other words, for any h G IT(/), Ief{h o T{h)) = Fef{T{h), h) = 0, or 
equivalently h o T{h) G Sf. Moreover, for given h if h o 0 g G/ for some 
(j) ^ Ge^ then (f) = T{h). This proves the following proposition. 

Proposition 2.8 Given a local slice C W{f), there is a G°^-smooth 
function T : IT(/) —> G such that for any h EW{f), hoT{h) E Sf. 

Note : There is an obvious more natural way to dehned the local slice 
Sj^ C W (/) by setting = ExpfS where S C f*TM) is the e-ball of 

the L^-orthogonal complement to the tangent space Tf{0^) C f*TM). 

Then the above proposition is still true. However its proof is slightly harder 
than the one above. This is the reason that we use the above definition here. 
A proof of the corresponding proposition as above for this new slice will be 
given in the forth coming paper on the G^-smoothness of the equivariant 
extension in the hrst construction in [L]. 

Corollary 2.5 There is a G"^-smooth projection map Tf : W{f) —> ~ 

Ge such that for any g ■ f E the fiber Tj^{g ■ f) = T~^{g) is g{Sj^) for 
any g E G^. 

Given / and f in B., assume that the intersection of the orbits of the two 
slices, Osf n Os^, ^ p so that the transformation between these two slices, 
still denoted by is dehned on Sf D ^g^{Sp). 

Corollary 2.6 Assume that k — 2/p > 0. Then there is a G°°-smooth func¬ 
tion T : Sfn"^g^{Sp) -E- G with T{f) = f such that for any h G Sfr\"^g{S p), 
^s{h) = hoT{h). 

3 Proof of the Main Theorem 

In this section we prove the following two versions of the main theorem. 
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• First version of the main theorem 
Now start with a point-section 

n e C«>{S\rTM) c = Ll_^(S\rTM) 

with 

^ • Tj — Sj • tjjy O f 

= ■ PiO f -U^o f = • EfiXU,,) o f. 

Here G C'°°(<5'^, R) supported in Di such that ai ■ r] = ■ tii, o f. 

Recall the assumption that the local G-orbit Os^ of the local slice *5/ in 

W{f) is W{f) itself. _ 

Denote by r]Os^ the local Ge-equivariant extension of rj over Os^ = W{f). 

We require that the extension rjos^ to be defined satisfies the property that 

lOsf = • l)osf = ^tA^i)oSf ■ {E(3,Ay))oSf- 

Thus we only need to defined the equivariant extensions {a\)os^ Q-od {Ep.{tii,))osj- 
Since Ep.{Tij^) is already smooth and G-equivariant dehned on Os^ = 
iy(/), {EfiXUu))osf is simply defined to be E| 3 .{T^„). 

To dehne {ci'i)os^i let 7?. —>■ VF (/) be the trivial bundle W (/) R) — >■ 

W{f). Then < e C^{S^,R) C Ll_,{S\-R) gives rise a constant section, de¬ 
noted by «)m(/) : bF(/) ^ 7^. Let (O^/ : Sf 7^|^^ be the restriction 
of {c('i)w{f) [Ai)sf\ ■ Ef L^_^(<5'^,R) be the corresponding map under 
the trivialization of E\sf. Note that {a^)sf is still a constant section. The 
G-action on E is given by to be 0 • (h, a) = (h o 0, a o 0) for (j) ^ and 
(h,a)eTl = WU)xLl_,(S\-R,). 

Now assume that S'/ is one of the two slices defined in Sec. 2. Then we 
have a G°° or G"^°-smooth map T : VF(/) —> G such that for any h EW{f)j 
T{h) o h E Sf. The G-equivariant extension {a\)og^ is defined to be 

«K(o = mo)*(«)s/(r(o ° *))■ 

Let [{a\)os ] • bF(/) —> L^_^(S'^,R) be the corresponding map under the 
trivialization of E\sf. Then [{oS)os ]{h) = {T{h)y{oS) = oSa oT{h). 
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Lemma 3.1 Assume that T : W{f) ^ G is of class (or ). The 
map [{a’()osj:] 'Is of class (or ) so that the G-equivariant extension 
{of)osf Z5 a smooth section. 

Proof: 

Note that the action map 

: G X > L^(5'^,R) is of class GK This implies that 

for a fixed a G G°°{S‘^, R) C LIJS^R), the map G -P- R) given by 

0 —> a o h is of class G^ for any /, hence of class (7°°. Now for a G R), 

[aog ] is the composition of two smooth maps, h -P- T{h) from W{f) to G 
and (j) ^ ao (j) from G to R). Hence [aog ] is smooth. 

^ □ 

This proves the hrst version of the main theorem. 

Theorem 3.1 Given a smooth stable map f and a smooth section 

p G , f*TM), its G-equivariant extension pog^ above as a section 

of Tk-i,p —>■ W (/) has the same degree of smoothness as T has. Hence it is 
either of class G'^° or of class G°° accordingly. 

• Second version of the main theorem 
Similarly, for a given point-section 

e e C'^(S\fxO’\rTM)) c (4-1,p)/ = Ll_^{S\A°-'{rTM)) 

with 

^ -U^o f 

= ■ PiO f -UyO f = ■ Eg.{tiv) o /. 

Here pf G A®’^) supported in Di such that ai ■ f = ■ tijj o f. 

As before, the G-equivariant extension 

^Og^ = E^{a^ ■ f)og^ = ■ {EgXU„))og^. 

We only need to defined the equivariant extensions {pOog^- 

Since the bundle =: A^’a^ —>■ S‘^ is not trivial, we introduce an inter¬ 
mediate step as follows. 

Note that the group G can be considered as the parametrized moduli 
space A4{G) =: G consisting of holomorphic maps g : S‘^ ^ M = S‘^ of 


23 



class A = [id] = 1 G H2{S‘^). Let = M.{G) x A®’^) be the trivial 

bundle over M.{G). Here the norm used on the hber A®’^) is the LFj^- 

norm. The group acts on A®’^) by pull-backs, (s', 7 ) —> 5 '*( 7 )- Thus 

the natural action of G on A4{G) lifts to an action on the bundle Given 
an 7 G G°°{S‘^j a'^’^) = G°°{S‘^, A'^’^)e as a section over the base point e G 
G = Ad(G), let 7 ^ : A4(G) —> be its G-equivariant extension and [ 7 ^] : 
A4(G) —> A®’^) be the corresponding map under the trivialization. 

Lemma 3.2 For any 7 G A®’^), the map [jq] is of class G°°. Thus 

the G-equivariant extension 7 g of the point-section 7 is of class G°°. 

Proof: 

Let a'^’^ = A^^^ U -A 3“^ = UiU U 2 he the usual trivialization of he 
bundle A®’^ with respect to the standard covering of S‘^. Using the partition 
on unit Pi + P 2 = ^ with respect to the cover, 7 = Pij + ^ 21 - Then 7 = 
Pil + P 2 I = ciiti + Ci 2 t 2 - Here Lu = 1)2 is a smooth complex frame of A^^ 
and Oi is a complex valued smooth function supported in U*. Now apply 
the argument before for the smoothness of Ep.{TiP) to this simpler case by 
replacing TM and tiy by A®’^ and ti, i = 1,2. Then we get the G-equivariant 
extension [ 7 ^] : G —> G°°(5'^, a'^’^) C is of class G°°. 

□ 

Now define the trivial bundle 17®’^> Osf to be the pull-back of = 
A1(G) X G°°(5'^, A®’^) —> A4{G) by the smooth or G"^°-smooth map pos^ • 
Osf -A G = A4{G). Here poa is defined by poa {h) = T{h) for h G Os,- 
Thus for Ai £ G°°(5'^, A®’^), the G-equivariant extension of {Ai)sf, A) Osf^ 
is the same as the pull-back p*Q^ ((7 ^)g) of the smooth G-equivariant section 

( 7 ^) 0 - Here (7i)sf is defined to be the pull-back ^^^( 7 ^'"). Therefore (7i)osj: 
is a smooth or G"^°-smooth section. 

This proves the second version the main theorem. 

Theorem 3.2 Given a smooth stable map f and a smooth section 

f G L^_PS‘^, A^’^{f*TM)), its ’’geometric” G-equivariant extension fos^ 
above has the same degree of smoothness as T has. Hence it is either of class 
G(f or of class G°° accordingly. 
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4 The mapping space Aiapk^p{S‘^^ M) as Euler 
class of the section A 

There are several basic results used in this paper whose proof are much eas¬ 
ier for the Banach space than for the space A4apk,p{S‘^, M) = 

of L^-maps from S‘^ to a compact symplectic manifold M. We 
will introduce a general construction that realizes A4apk^p{S‘^, M) as the zero 
locus of a smooth section A of the bundle N ^ T where T is an tubular 
neighborhood of M.apk^p{S‘^^ M) in 

Let (j) : M ^ be an isometric embedding andpM : Nm — {T'R'^)\m/TM —) 
M be the normal bundle of M in R’^. Denote the corresponding bundle of 
e-balls in Nm PBm • ^ M. When e small enough, the ’’exponetial’ 

map cxpbm • Bm —^ R"^ maps the bundle Bm to the tubular neighborhood 
Tm of M. Let PNbj^^ • ^Bm Bm be the pull-back of the normal bundle 
PtVm • M hy the map pbm • Bm —>■ M. Using the inverse of the identi¬ 

fication map cxpbm ■ Bm —>■ Tm to pull-back the bundle : ^Bm Bm, 
we get the bundle PNt,^ ■ Tm over the tubular neighborhood Tm- The 

tautological section 5bm • Bm —>■ Nbm given by SBM{b) = {b,b) gives rise the 
corresponding smooth section 6 tm - Tm —>■ A^Tm that is transversal to the zero 
section such that = M. 

Now consider the open set L^{S‘^,Tm) of the Banach space L^(5'^,R’^). 
Define the bundle A4,p ^ Ll{S^, Tm) by requiring that (A4,p)/ = Ll{S^, f^Nr^)) 
for any / G ^Tm)- The usual process in the standard GW theory im¬ 

plies that A4,p is indeed a smooth bundle. The section 5tm • Tm —> Ntm 
induces the corresponding smooth section A : L^PS‘^,Tm) —>■ A4,p- Then by 
its dehnition / G LI.{S‘^,Tm) lies inside if and only if A(/) = 0. 

In other words, L^{S‘^,M) is just the zero locus A“^(0). One can show 
that the section A is transversal to the zero section so that M) ob¬ 

tained this way is an closed and splitting submanifold of L^(5'^,R’^) (see 
[La] for the dehnition of splitting submanifold). Indeed, the exponential 
map cxpbm • Bm Tm induces a corresponding exponential map Expbm • 
BlI{s\m) T C LI{S^,Tm) where Bbi^s\m) ^ Ll{S^,M) is the ei ball 
bundle of A4 ,pIlp(S'^m) Tl.{S‘^,M) and T is the corresponding open tubu¬ 
lar neighborhood of in L\{S‘^^Tm)- In other words, the restric¬ 

tion A4 ,p|lp(S'2 M) TI.{S‘^,M) is just the normal bundle of Ll.{S‘^,M) in 
LliS^Rn so that A can be interpreted as the corresponding tautological 
section dehned on the tubular neighborhood T as the hnite dimensional case 
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before. In particular A is transversal to the zero section. Thus we have real¬ 
ized the infinite dimensional manifold as the ’’Euler class’ of the 

section A. 

Using above discussion, we now give a different analytic set-up for GW- 
theory as follows. 

Note that the metric on induces a smooth metric on the tangent bun¬ 
dle T{Tm) — Tm X —)• Tm- Since exps^ ■ Bm — Tm, Tm itself can be 
considered as an open set of a vector bundle so that T{Tm) — T{Bm) = 
Vbm © Bbm- Here the vertical bundle is the same as • ^Bm Bm 

while the horizontal bundle Hbm ^^e bundle orthogonal to Vbm- Clearly 
the derivative of projection map pbm • Bm —>■ M identihes each hber of the 
horizontal bundle Hbm with the corresponding fiber of TM so that Hbm 
identified with the pull-back p*^^{TM) ~ Hbm- How using the identification 
Tm — Bmj we rewrite the above decomposition as T{Tm) = Vr^ © Htm with 
the projection map Bh : T{Tm) —>■ Htm- Then the almost complex struc¬ 
ture J and symplectic form u becomes the corresponding fiberwise complex 
structure Jh and symplectic form uh on the bundle Htm- 

Now the linear operator d : R"^) —^ A^(R’^)) is obvious a 

^ooth map. It can be interpreted as a smooth section of the trivial bundle 

X LPl(5^Al(/•{^R“)) ^ ^,'(5^R’") for any given 
COO ”];eference” map f : S‘^ ^ R"^. In particular, we may take the cen¬ 
ter / to be a smooth map / : —)• M. Then by taking the restriction 

to the open set ^Tm)^ we get the corresponding smooth section sec¬ 
tion d : LI{S‘^,Tm) Let dn = (H^)^ od : LI{S‘^,Tm) 

be the composed smooth section. Here (Hij)* : Tk-i,p —>■ TLk-i^p C Tk-i,p 
is the (7°° bundle endomorphism of Tk-i,p induced by Bh; and Tk-i^p = 
L^^{S‘^^Tm) X f*{T'RB)) —> L^{S‘^,Tm) is the trivial bundle with 

the ’’usual” trivialization and 'Hk-i,p is the corresponding subbundle. The al¬ 
most complex structure Jh can be interpreted as an endomorphism of T{Tm) 
by requiring that Jh = 0 on tl^ vertical bundle. Then Jh induces a (7°° 
bundle endomorphism {Jh)* of Tk-\,p and hence an endomorphism, still de¬ 
noted by {Jh)* of the bundle Bk-i^p —>■ L^{S‘^,Tm)- Finally, the complex 
structure io on 7^ can be interpreted as a (7°°-endomorphism of the bundle 
nk-i.p^Ll{S\TM). 

Now we defined the lifted dj^ section of the bundle jCk-i,p —> Ll{S\ Tm) 
by dj^{h) = nip(dh+ (©^(dh)). Then is a smooth section of class 
(7°°. Note that the section is in fact a section of the smooth susbundle 
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^^H-k-ip L^k^S‘^,T m)- Thus in therm of the discussion above, the moduli 

space of J-holomorphic maps, M.j = {/ : > M| dj{f) = df + J{f) ■ df o 

io = 0} is just the intersection A“^(0)n5j^(0). One can show that the smooth 

section (A,5j^) : LI.{S^,Tm) —> A4,p x ^^ct Fredholm with the 

index of T)/(A, Bj^) is the same as the index of DjBj. Thus we have realized 

the moduli space Ad j as a Fredholm intersection of two inhnite dimensional 
cycles in the flat ambient space 7 m). 

The whole package for the analytic foundation of GW and Floer type 
theories can be carried out in this setting and its generalizations. That will 
lead to simplifications in many cases as here we are primarily dealing with 
the open set T in the flat space 

As an example, the standard basis t = {A, • • • of R™ can be con¬ 
sidered as a global frame of the tangent bundle TR”^. Thus it gives rise 
the smooth global sections T = {T^, z/ = 1, • • •, m} of the ’’tangent” bundle 
T{T)k-i,p Tk,p- This will simplify considerably the discuss of this paper 
on the G-equivariant extension for a point-section ^ if we use this new 
setting. The details of the discussions in this section will be treated in a 
separate paper. 

5 Smoothness of L^-norm and related results 

In this section we give a simpler proof of the smoothness of the L^-norm. 
The main results of this section were proved in [C] and reproduced in [L]. 
Independent proofs with different settings were given in [CLW]. 

Theorem 5.1 Assume that p = 2m is a positive even integer. Let Nk{^) = 
^i=ofj] \D^^\^dvolY.. Then Nk : L^(S,R) -P- H is of elass C°°. Here S is an 
oriented eompaet Riemannian manifold. 

Proof: 

Note that where > R is given by A7)(^) = 

4 \D^f\Pdvoh. Then A(7 = Aq o GG ^ ^ R. Here : Ll ^ 

given by ^ —)► Dff) is linear and continuous, hence smooth. Thus is 

smooth if and only if Aq is. 

Now consider the polarization of Aq. P : {L^{T,, R))i 
R given by P({i, ■ ■ ■ { 2 m) = /g < Ji, & > ■ ■ ■ < jam-i, ? 2 m > dvols- Here each 
{L;;{E,R))2isaeopyofLP(E,R). 
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The key point is that P is well-defined and continuous. Indeed, by Holder 
inequality for l/pi + l/p 2 + • • •, +l/p 2 m = 1/^ with pi = p 2 = ■ ■ ■ = p 2 m = 
2m = p and r = 1, 


< ^1:^2 > ■ ■ ■ < 6m-l, ^2 to > dvolj: 


< / 161 • 161 • • • |6m-l| • < 1161 Ip • 1161 


Il6m|| 


p- 


It is well-known in the usual Banach calculus that any continuous multi¬ 
linear function like P above is of class (see Lang’s book [La]). 


Now Nq = P o A 


2m 


LI 


(iJ{E,R))i X ■ ■ ■ (ij!(S,R))p -y R, where 


A2,n ■■ LI-> {Ll{S,-R)) 1 X • • • (L^(S, R-))p is the diagonal map that is smooth. 
Hence Nq is smooth. 

□ 


Corollary 5.1 The l-th derivative of Nq is equal to zero for I > p P 1 = 
2m + 1. 

Proof: 

The [p + l)-th derivative of the multi-linear map P above is equal to 
zero (see [La]). The diagonal map A 2 m is linear so that its first and second 
derivatives are a constant map and zero respectively. Since Nq = P o A 2 mi 
the conclusion follows from successively applying the chain rule and product 
rule for differentiations. 

□ 

Now assume that S = 5^. 

Corollary 5.2 Let T : G x L^(E,R) —)► L^(E,R) he the action map. Here 
G = PSL(2, C) acting onT = S‘^ as the group of reparametrizations. Then 
6c = o T : G X L^(S, R) — )• R of class C°°. 

Proof: 

We only give the proof for /c = 0,1. The general case can be proved 
similarly with more complicated notations. 

• The case of /c = 0. 

6(0,6 = /e 1^ o (j){x)\PdvoG{x) = fj. lflPdet~^((/))dvoG. 
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Consider the ” polarization” of Fq, Pq : Gx (Lp(E, R))i x • • • (LP(E,R))p ^ 

R given by Po(0, 6,' • • 6m) = /^ < 6,6 > ' •' < 6m-i, 6m > det-^{Jac^)dvol^. 
As before, Pq is well-defined. Indeed 

l^o(0,6, • • •6m)| < \\det~^{Jac^)\\co J |6| • |6| • ' ' |6m-l| • |6mM^o/s 

E ||det (e/ (lC(j)^ 11(7° ||61 Ip ■ ||61 Ip ■ ■ ■ 116m I Ip- 

Note that Pq is a composition of two smooth maps G x (i7S,R))i X 
• • • (P6S, R))p ^ (P6S, R))o X (P6S, R))i X • • • (P6S, R))p ^ R given by 

(0,6, • • • 6m) ^ (det"^( Jac^), 6, • • • 6m) 


^ y < 6,6 > • • • < 6m-i,6m > det ^{JaCc^)dvol^. 

Hence Pq and Pq is of class C°°. 

• The case of /c = 1. 

Note that Pi = Pq + Here is defined by 

/ |V(^ O 0)|^(ino6 = [ \{V^) O (l){x) ■ Jac^{x)\Pdvol^{x) 


— J ■ \JaC(j) o (f) l^det ^{JaC(j))dvolj:. 

Consider the’’polarization” of P*^^\ : Gx{Li{T,,'R))iX- ■ ■ {Ll{T,,IVj)p 

R given by P((/), 6, • • • 6m) = /s < '^6, V6 > • • • < V6m-i, V6m > • < 
{JaC(j) o 0“^), {JaCfj) o 0“^) -deG^{JaC(j))dvolj:- Then P^^i is well-dehned. 

As before, it is a composition of two smooth maps and hence smooth. This 
implies that Pi is smooth. 

□ 
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